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The opening of a band gap due to compressive uniaxial strain renders bulk HgTe a strong three-
dimensional topological insulators with protected gapless surface states at any surface. By employing
a six-band k · p model, we determine the spin textures of the topological surface states of strained
HgTe using their close relations with the mirror Chern numbers of the system and the orbital
composition of the surface states. We show that at surfaces with C2v point group symmetry an
increase in the strain magnitude triggers a topological phase transition where the winding number
of the surface state spin texture is flipped while the four topological invariants characterizing the
bulk band structure of the material are unchanged.
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Introduction – Topological insulators (TIs) are new
quantum states of matter whose theoretical prediction
and experimental verification has had a tremendous im-
pact in the field of fundamental condensed matter physics
[1–17], and for potential applications in spintronics and
quantum computation [18]. Time-reversal (TR) invariant
TIs are insulating in the bulk but they do possess gap-
less surface states topologically protected by TR sym-
metry [1, 3]. These metallic surface states are spin-
momentum locked: surface electrons with opposite spins
counterpropagate at the sample boundaries. For three-
dimensional (3D) TIs, Bi2Se3 [10], Bi14Rh3I9 [15], and
β-HgS [19, 20] to name but a few, the existence of
these topological surface states (TSS) can be directly in-
ferred from the four Z2 indices characterizing the bulk
band structure of a 3D TR invariant insulator [7–9].
However, both the strong ν0 index and the three weak
{ν1, ν2, ν3} indices make no assertion on the nature of
the spin textures of the surface states which, realizing
a vortex structure in momentum space, can be charac-
terized topologically by the winding number (the topo-
logical charge of the vortex) of the planar unit spin
(ni, nj) = (Si, Sj)/
√
S2i + S
2
j . It is defined by
w =
∮
C
dk
2pi
· [ni∇knj − nj∇kni] ,
where C is a closed loop in momentum space encircling
the essential degeneracy point of the topological surface
state, guaranteed by TR invariance. Generally speak-
ing, the two winding numbers w = ±1 [c.f. Fig. 1] are
equally compatible for linear Dirac cones, and the spe-
cific value is independent of the Z2 topological indices of
the bulk band structure. In many strong 3D TIs with
a single Dirac cone on the surface, however, additional
point group symmetries at the surfaces pin the spin tex-
FIG. 1. (color online) Sketch of the possible spin textures
of Dirac-like surface states in strong 3D TI. The left panel
corresponds to a right-handed helical structures with winding
number w = 1. In the right panel w = −1.
ture winding number to w = 1. This occurs at the high
C3v [21, 22] symmetry surfaces of materials with a rhom-
bohedral crystal structure such as Bi2Se3, or at the C4v
point group symmetric surfaces [23] of cubic materials
such as β-HgS [24]. For surfaces where the symmetry is
lowered, a similar assertion cannot be made.
The aim of this Letter is to show that for C2v point
group symmetric surfaces, the surface state spin textures
of compressively strained bulk HgTe – a strong 3D TI
whose non-trivial topological properties have been exper-
imentally verified by quantum Hall measurements [25] –
have a topological charge that can be flipped from w = 1
to w = −1 by continuously increasing the strain magni-
tude. We will use the close relations [26] connecting the
winding number of the spin textures, the mirror Chern
numbers of the system and the orbital composition of
the topological surface states, and thereby demonstrate,
within a six-band k · p Kane model, that for a uniax-
ial strain along the (100) direction, the orbital character
of the topological surface states at the (010) and (001)
ar
X
iv
:1
60
5.
00
29
3v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
1 M
ay
 20
16
2surfaces depends sensitively upon the strain magnitude.
This ultimately leads to a change in the nature of the
surface state spin textures at a critical strain magnitude.
Topological Surface State Dirac points – Pristine
HgTe is a zero gap semiconductor with the Fermi energy
in the middle of the fourfold degenerate light-hole (LH)
and heavy-hole (HH) Γ8 states at the BZ center [7, 27].
The topological nature of the electronic states in this ma-
terial cannot be inferred from these p3/2 atomic levels [7]
but rather follows from the inverted band ordering at the
zone center of the LH Γ8 band, which is particle-like, and
the Γ6 s-band, which is hole-like. In normal semiconduc-
tors, such as CdTe, the Γ6 band forms the conduction
band while the LH Γ8 band represents one of the valence
bands. This inverted band ordering, which is an immedi-
ate consequence of the strong spin-orbit coupling of Hg,
establishes this material to be topologically non-trivial
since two bands of opposite parities have level crossed
with respect to the normal band ordering. By externally
applying a compressive uniaxial strain, the fourfold de-
generacy of the Γ8 states at the zone center is lifted and
thus a gap at the Fermi energy opens up [7, 25]. In
addition, the parity eigenvalues of the occupied bands
are unchanged, which thereby establishes compressively
strained HgTe as a strong 3D TI.
The bulk-boundary correspondence [16, 17] then guar-
antees the existence of TSS with a conical dispersion at
any surface, and the surface Kramer’s doublet – the Dirac
point – sitting at the surface BZ center. To verify this,
we rely on an effective low-energy theory based upon a
k · p expansion of the lowest energy bands around the Γ
point of the BZ. This approach has successfully described
the Quantum Spin Hall effect in HgTe/CdTe quantum
wells [4, 6]. We thus employ the six-band Kane model
for the Γ6,8 bands [28], where the influence of a compres-
sive uniaxial strain, which, without loss of generality, we
assume along the xˆ direction, is taken into account via
the Bir-Pikus Hamiltonian [see the Supplemental Mate-
rial]. The Luttinger and k · p parameters are based on
the T = 0 band structure of pristine HgTe [29]. We can
establish the presence and the electronic characteristic
of the surface Kramer’s doublet at the (100), (010) and
(001) surfaces by solving the k · p model at the surface
BZ center in the half-infinite space x > 0, y > 0, and
z > 0 respectively, using the general method outlined in
Ref. 23.
Fig. 2(a) shows the behavior of the surface Dirac point
energy EDP as a function of the uniaxial strain magni-
tude xx renormalized by the factor Du/(3E0) where E0
is the distance of the Γ6 band edge from the direct BZ
center midgap while Du is the deformation potential of
HgTe. At the (100) surface, the surface Kramer’s doublet
is buried within the HH valence band, while on the two
other surfaces it resides in the indirect bulk gap of the
system. This termination dependence is also reflected
in the behavior of the penetration depth of the surface
FIG. 2. (color online) Behavior of the surface Dirac point in
compressively strained HgTe as a function of the strain mag-
nitude xx at the (100),(010), and (001) surfaces (red lines).
We also show the conduction and valence band edges as well
as the Γ6 band edge (gray lines). At the (100) surface, the
surface Dirac point is buried within the HH valence band but
resides in the bandgap of the LH-Γ6 TI bulk.
states [see the Supplemental Material]. Specifically, the
surface states at the (010) and (001) surfaces are char-
acterized by a diverging decay length in the xx → 0
limit, which implies that at these planes the TSS pene-
trate more deeply into the bulk as compared to the (100)
TSS.
These different electronic characteristics can be at-
tributed to the different nature of the Dirac wavefunction
of the surface BZ center. At the (100) plane, indeed, the
surface state Dirac wavefunction is all made of LH and Γ6
states. A uniaxial strain along the xˆ direction preserves
the axial rotation symmetry in the plane, and thus at the
surface Γ point with momentum ky ≡ kz ≡ 0 the total
angular momentum Jx is a good quantum number [4, 23].
This, in turn, implies the absence of any mixing between
the |J = 3/2; Jx = ±3/2〉 HH states and the Jx = ±1/2
LH and Γ6 states. Henceforth, the HH bands play the
role of inserted “parasitic” bands [23] on top of the LH-
Γ6 TI bulk, in the bandgap of which the surface Dirac
point resides [c.f. Fig. 2]. This does not hold true at the
(010) and (001) planes where the uniaxial strain along
the xˆ direction breaks the in-plane rotation symmetry,
thereby leading to an effective hybridization between the
Jy,z = ±1/2 states with Jy,z = ±3/2 HH states. The
surface Dirac wavefunction becoming a superposition of
Γ6,8 localized states is then pushed out of the HH bulk
bandwidth [30] and remerges in the full bandgap of the
system, in agreement with the features encountered in
the Fano model [31].
Mirror Chern numbers and pseudospin textures – To
proceed further, we now introduce the notion of mirror
Chern numbers (MCN). The MCN are topological in-
variants, which are protected by mirror symmetries. In
the absence of strain and neglecting the bulk inversion
3FIG. 3. (color online) (a) Pseudospin textures for the TSS
of HgTe in presence of a uniaxial strain along the (100) di-
rection at the (100) (top panels), (010) (middle panels) and
(001) (bottom panels) crystal planes. (b) Physical spin tex-
tures for strain smaller than the critical one −xx < −c. For
larger strain the physical spin textures corresponds to the
pseudospin ones.
asymmetry of the zincblende crystal structure, HgTe has
nine mirror planes and correspondingly the Kane model
Hamiltonian is invariant under these symmetry opera-
tions. The presence of an uniaxial strain along the (100)
direction reduces the number of mirror planes but pre-
serves the mirror symmetry with respect to the (100),
(010), and (001) planes. Since the Kane model Hamil-
tonian commutes with the corresponding mirror symme-
try operations at the three planes kx,y,z ≡ 0, all eigen-
states can be classified according to their ±i mirror par-
ity. This allows to define two time-reversal related Chern
numbers C±i whose sum vanishes but with a difference
nM = (Ci − C−i)/2, which is an integer Z topological
invariant and defines the MCN.
We have computed the MCNs of the full six-band Kane
model Hamiltonian using its decomposition at the mir-
ror planes in terms of the nine Gell-Mann matrices, and
subsequently employed the elegant formulation of Ref. 32
to derive the Chern numbers for the corresponding con-
tinuum models. This allows us to avoid an effective two-
band modelling which can only be introduced ad hoc. We
FIG. 4. (color online) Behavior of the magnitudes of the Fermi
velocities |vF | in the TSS of strained HgTe as a function of the
strain magnitude xx. The TSS at the (010) and (001) planes
exhibit an anisotropic behavior since the uniaxial strain along
the xˆ direction lower the point group symmetry at that sur-
faces to C2v.
find a MCN nM ≡ −1 at the ky,z ≡ 0 planes, whereas
nM ≡ 1 at the kx ≡ 0 plane. And indeed, under proper
coordinate transformations, the continuum k · p Hamil-
tonians at the ky,z ≡ 0 planes cannot be adiabatically
transformed into the kx ≡ 0 one without closing the bulk
band gap. The three MCNs indicated above allow us to
immediately derive a pseudospin texture for the TSS at
the (100), (010) and (001) planes, as explained below. At
the (100) surface, the projection of the two unbroken mir-
ror planes (010), (001) define two mirror invariant lines
where the TSS can be classified according to their mirror
eigenvalues. We can thus define a pseudospin vector σ
with components related to the mirror operators My,z
by σy,z = −iMy,z. The dispersion of the TSS can be
then written in terms of this pseudospin as
H
(100)
eff = v
z
F kyσz − vyF kzσy, (1)
where the sign of the two Fermi velocities vz,xF is uniquely
determined by the MCNs of the system via the bulk-edge
correspondence for the mirror invariant planes ky,z ≡ 0.
Specifically we have sgn(vz,yF ) = n
kz,y=0
M which yields the
pseudospin texture shown in the top panel of Fig. 3(a).
It exhibits an helical structure with a left-handed helic-
ity for the surface state conduction band, and a right-
handed one for the valence band, in perfect agreement
with density functional theory studies [33, 34]. At the
opposite (1¯00) surface the sign of both two Fermi veloc-
ities are flipped, which changes the helicity of the pseu-
dospin texture but still preserves the pseudospin texture
winding number w = sgn(vzF × vyF ) = 1. A similar analy-
sis at the (010) and (001) surface terminations yields the
pseudospin textures shown in Fig. 3(a). At these surfaces
the different values of the two MCN for the mirror invari-
ant planes yield a pseudospin texture with an opposite
winding number w = −1.
Fig. 4 shows the behavior of the magnitude of the TSS
4Fermi velocities |vF | as a function of the strain magni-
tude xx. We find that for the TSS at the (100) plane, the
two Fermi velocities vy,zF have equal magnitudes. There-
fore, the TSS display a global U(1) rotational symmetry
similarly to the case of for instance Bi2Se3 [21]. As a
two-dimensional k · p for the pseudospin one-half surface
Kramer doublet explicitly shows [23], this is an imme-
diate consequence of the fourfold rotational symmetry
along the xˆ axis. And indeed, at the (010) and (001)
planes where the uniaxial strain along the (001) direc-
tion lowers the surface point group symmetry from C4v
to C2v, we find the Fermi velocities of the TSS to differ,
with an anisotropy that is enhanced by increasing the
strain magnitude.
Spin textures – The pseudospin textures of the TSS
have a close relation to the physical spin textures. This
can be found introducing the projector operator Px,y,z =
(1− iMx,y,z) /2 onto the subspaces of the Kane model
Hamiltonian with mirror parity +i, and considering their
effect on the physical spin operators Sx,y,z at the mirror
planes. It can be shown that PiSjPi ≡ 0 for i 6= j,
which simply states that at the surface mirror invariant
lines, the physical spin can be either parallel or antipar-
allel to the pseudospin. For SmB6, the physical spin was
found to be always parallel to the pseudospin, and thus
the knowledge of the MCNs provides us a robust classifi-
cation of the topological surface state spin textures [26].
This, however, does not hold true for HgTe. The pro-
jected spin operator of the Γ6,8 bands has both positive
and negative eigenvalues, and thus the relation between
the pseudospin and the physical spin depends on the or-
bital composition of the surface states. By evaluating the
projected spin operator eigenvalues of the TSS along the
mirror invariant lines, we find that the physical spin is
always parallel to the pseudospin except at the kz ≡ 0
and ky ≡ 0 mirror invariant lines for the (010) and (001)
surface terminations respectively. At these mirror invari-
ant lines, the physical spin is indeed antiparallel to the
pseudospin below a critical strain magnitude |c|, and
parallel above it. This implies that contrary to the TSS
pseudospin textures at the (010) and (001) surface ter-
minations, which are characterized by a w = −1 winding
number independent of the strain magnitude, the phys-
ical spin textures exhibit a right-handed w = 1 helical
structure for small strain [c.f. Fig. 4(b)]. The w = 1 spin
textures equal to the pseudospin textures are then re-
stored for larger strain values. To gain more insight into
this spin texture topological phase transition, we have
computed the orbital resolved projected spin eigenvalue
of the TSS along the mirror invariant lines ky,z ≡ 0 for
the (001) and (010) surface terminations respectively, by
varying the strain magnitude [c.f. Fig. 5]. The TSS with
positive pseudospin, i.e. mirror parity eigenvalue +i, is
an admixture of |J, Jy,z〉 = |1/2, 1/2〉 Γ6, |3/2, 3/2〉 HH
and |3/2,−1/2〉 LH states. For small strain, the TSS has
a predominant LH orbital character which implies that
FIG. 5. (color online) Orbital resolved (grey lines) and total
spin (black line) of the TSS with positive pseudospin (mirror
eigenvalue +i) for the (010) [(001)] plane at the mirror invari-
ant line kz ≡ 0 [ky ≡ 0]. For small strain, the physical spin is
antiparallel to the pseudospin, while for large strain they are
parallel.
the physical spin is antiparallel to the pseudospin. By
continuously increasing the strain magnitude, the TSS
starts to acquire a sizeable Γ6 and HH character which
ultimately reverse the spin direction to be parallel to the
pseudospin.
Conclusions – We have classified the topological sur-
face state spin texture of bulk uniaxially strained HgTe
using the close relations among spin texture winding
number, mirror Chern numbers and orbital character of
the topological surface states. We have shown that as-
suming a strain along the xˆ direction, the spin texture at
the C4v point-group symmetric (100) plane exhibit a con-
ventional left-handed helical structure, while considering
the C2v symmetric (010) and (001) surface terminations
the nature of the spin texture strongly depend on the
orbital character of the topological surface states. The
topological charge of the spin texture vortex structure
can be indeed flipped by increasing the strain magnitude.
This phenomenon is entirely due to the strain dependence
of the orbital character of the TSS and occurs without
any bulk bandgap closing-reopening point or change in
the bulk MCN values, making such a topological phase
transition very different from the ones proposed in for
instance SmB6 [26] and HgTexS1−x [34].
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Kane model Hamiltonian
As long as the intrinsic bulk-inversion asymmetry of
the zinc-blende crystal structure is not taken into ac-
count, the six-band Kane model Hamiltonian reads
H =
( H6,6 H6,8
H8,6 H8,8
)
(2)
with the expression of the Hamiltonian subblocks Hα,β
listed in Table I. They are expressed in terms of the usual
Pauli matrices σx,y,z , the J = 3/2 angular momentum
matrices Jx =
√
3/2 I ⊗σx+ (σx⊗σx+σy⊗σy)/2, Jy =√
3/2 I⊗σy+(σy⊗σx−σx⊗σy)/2, Jz = σz⊗I+I⊗σz/2
with I the identity matrix and the following Ti matrices:
Tx =
1
3
√
2
( −√3 0 1 0
0 −1 0 √3
)
Ty =
−i
3
√
2
( √
3 0 1 0
0 1 0
√
3
)
Tz =
√
2
3
(
0 1 0 0
0 0 1 0
)
Txx =
1
3
√
2
(
0 −1 0 √3
−√3 0 1 0
)
Tyy =
1
3
√
2
(
0 −1 0 −√3√
3 0 1 0
)
Tzz =
√
2
3
(
0 1 0 0
0 0 −1 0
)
Tyz =
i
2
√
6
( −1 0 −√3 0
0
√
3 0 1
)
Tzx =
1
2
√
6
( −1 0 √3 0
0
√
3 0 −1
)
Txy =
i√
6
(
0 0 0 −1
−1 0 0 0
)
The parameters F, γ1, γ2, γ3 describe the coupling to
remote bands and are, as well as P,E0, material-specific
6TABLE I. Expressions of the Kane model in the axial ap-
proximation. Here {A,B} denotes the anticommutator for
the A,B operators, c.p. cyclic permutations of the preceding
term and we defined B = ~2/(2m0) with m0 the free electron
mass. We also list the band structure parameters for HgTe of
Ref.[29] .
Hamiltonian blocks k · p interactions
H6,6 E0 +B(2F + 1)k2
H6,8 √3P T · k
−Bγ1k2 + 2Bγ
[(
J2x − J23
)
k2x + c.p.
]
H8,8
+Bγ [{Jx, Jy} {kx, ky}+ c.p.]
H7,7 −∆0 −Bγ1k2
E0 F P
2/B γ1 γ2 γ3
-0.3 eV 0 18.8 eV 4.1 0.5 1.3
TABLE II. Strain-induced terms in the six-band Kane model
Hamiltonian
Hamiltonian blocks strain-induced interactions
H6,6 C1Tr
DdTr+
2
3
Du
[(
J2x − 13J2
)
xx + c.p.
]
H8,8 2
3
D′u [{Jx, Jy} xy + c.p.]
parameters whose values are reported in Table I We have
considered for simplicity the axial approximation γ =
(γ2+γ3)/2 with the warping parameter µ = (γ3−γ2)/2 ≡
0 in order to make the bulk band structure isotropic in
the kx,y plane.
Effects of strain can be taken into consideration by
applying the formalism of Bir and Pikus. They lead to
additional terms in the eight-band Kane model Hamilto-
nian proportional to the strain tensor  and expressed in
terms of the conduction and valence band deformation
potentials C1, Du, D
′
u [see TableII].
Evaluation of the Mirror Chern numbers
We recall that the (first) Chern number of a generic
multi-band system is defined as an integral over a pseudo-
2-form
(ν)j =
i
2pi
∫
M
d2k Tr(Pj ∧ dPj ∧ dPj), (3)
where j is the index of a non-degenerated band, Pj =
|j〉 〈j| the related projector, d is the exterior derivative,
∧ is the wedge product and M is the momentum man-
ifold, which corresponds to the one-point compactified
infinite momentum plane R ∪ {∞} for the present long-
wavelength continuum theory. In the presence of a full
FIG. 6. (color online) Behavior of the topological surface
state penetration depth in compressively strained HgTe as a
function of the strain magnitude xx at the (100), (010), and
(001) surfaces.
band gap in which the Fermi energy lies, the sum over all
occupied bands
∑
j∈occ νj is a well defined integer topo-
logical quantity even in the presence of degeneracies of
the bands over the manifold M.
At the mirror invariant planes kx,y,z ≡ 0 the Kane
model Hamiltonian commutes with the corresponding
mirror operators. The corresponding Hamiltonians for
the states with +imirror parity can be expanded in terms
of the SU(3) matrices as
H+i = ε0(k‖)λ0 +
8∑
i=1
λidi(k‖), (4)
where {λ0, λ1....λ8} are the 1 + 8 Gell-Mann matrices
with λ0 the identity. In addition the d’s define an eight-
dimensional vector in momentum space. The projector
for each band can be represented by
Pj =
1
3
(1 +
√
3nj · λ), (5)
where j enumerates the bands from 1 to 3. The appear-
ing nj defines a point on the unit sphere in an eight-
dimensional real Euclidean space restricted by the con-
dition nj ∗ nj = nj where ∗ is the SU(3) star product.
The vector nj lives in a four dimensional orbit of a S
7
sphere which corresponds to an element of the complex
projective plane CP 2. The relation between nj and the
normalized dˆ = d/|d| is found out to be
nj =
1
γ2j − 1
(γjdˆ + dˆ ∗ dˆ) (6)
where
γj = 2 cos
(
1
3
arccos(dˆ · dˆ ∗ dˆ) + 2pi
3
j
)
. (7)
Eqs.(5),(6),(7) provide an explicit expression for the mir-
ror Chern numbers of the Kane model Hamiltonian.
